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Abstract. We prove that there exists a number field K and a smooth K3 surface S22 over K such that the 
geometric Picard number of S22 equals 1, 522 is of genus 12, and the set of iC-points is Zariski dense in S'22- 



1. Introduction 

In the present paper, we study the density problem for the set of rational points on algebraic varieties over a 
number field, and consider the following 

Question 1.1. Are there a number field K and a smooth K3 surface & over K such that the geometric Picard 
number of 6 equals one and the set of K -points is Zariski dense in (d^? 

It is expected that the answer to Question 11.11 which is a version of a modified Weak Lang Conjecture (see ffj 
Conjecture 1.3]), is positive, and the corresponding statement holds true for all KB surfaces & (after taking an 
appropriate K for each of these surfaces). However, no evidence for the existence of any answer to Question 11.11 
has been known so far (cf. [S], [5], [IH])- The present paper aims to eliminate this defect: 

Theorem 1.2. There exists a number field K and a smooth K3 surface S22 over K such that the geometric Picard 
number of S22 equals one, S22 is of genus 12, and the set of K -points is Zariski dense in 822- 

Recall that the genus equals 12 for the surface S22 from Theorem 11.21 means that S22 can be embedded into the 
projective space P^^ as a subvariety of degree 22 (cf. Section [2|). Let us describe the approach towards the proof of 
Theorem 11.21 First of all, there exists a K3 surface S of type R (see Proposition 13.81 and Definition I3.9|) . Namely, 
the Picard lattice Pic(S') is generated by a very ample divisor H and a (— 2)-curve Co such that (iJ^) = 70 and 
H ■ Co = 2. In particular, {S, H) is a polarized K3 surface of genus 36. Furthermore, the divisors H — kCo also 
provide polarizations on 5' for 1 ^ fc ^ 4 (see Lemma [3.101 and Remark 13.111) . Moreover, the surface (5, H — kCo) 
is BN general for all ^ fc ^ 4 (see Definition 13. 2[ Lemma [3. 121 and Remark l3.13p . In particular, due to S. Mukai, 
there exists a rigid (stable) vector bundle of rank 3 on 5* such that the first Chern class of E3 equals H — ACq 
and dim H^{S, E3) = 7 (see Theorem-definition |321)- Furthermore, such E3 is unique for these properties and gives 
a morphism '■ S — > G(3, 7) into the Grassmanian G(3, 7) C P(A'^ C^), considered with respect to the Pliicker 
embedding (see Theorem-definition 13.61 and Remark I3.5|) . Moreover, coincides with the embedding S ^ P^^ 
given by the linear system \H — 4Co|, and the surface S C G(3, 7) n P^^, when identified with ^EiiS), can be 
given by explicit equations in G(3, 7) (see Theorem 13. lip . Note that one can run these arguments in the same 
way for any general polarized K3 surface (6*22,-^22) of genus 12 (see Remark [3. ISp . Furthermore, all the preceding 
constructions can be carried over an appropriate number field K, which makes one able to apply the geometric 
description of the surfaces S and ^22 (now defined over K) to study their arithmetic. For instance, the set of 
if-points on S turns out to be Zariski dense (see Proposition 13.17)) . 

Remark 1.3. The surface 5* is one of the examples of smooth K3 surfaces (of genus 12, which, as one can see, is the 
least possible value for all genera of polarizations on S) which contain a smooth rational curve and have geometric 
Picard number 2. Other examples (over K) are the minimal resolution of a double cover of P^ with ramification 
at a general sextic having an ordinary double point (genus 2 case), and a general quartic surface in P'^ with a line 
[genus 3 case). Surprisingly, the latter two types of surfaces, in addition to 5", also possess the density property 
for the set of A'-points (see [H Proposition 3.1] and [71 Theorem 1.5]), which leaves one with the question on what 
is beyond this phenomenon. In fact, this observation was one of the motivations for the result of Theorem II. 2[ and 



l)See [D, [9], [28] and references therein for the excellent surveys on the density problem. 
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we believe that modifying the arguments below, one might also come up with the positive answer to Question ll.il 
in the case of genus 2 and 3 polarized K3 surfaces. On the other hand, we should mention that there are examples 
of smooth K3 surfaces over which have geometric Picard number 2, Zariski dense set of iiT-points, but do not 
contain any (— 2)-curves (see [27]). Thus, one faces the extremely important problems of constructing new examples 
of surfaces of types we mentioned, and understanding relations between them and the role these surfaces (might) 
play in constructions of examples similar to that in Theorem 1 1.21 but of other genera. 

Further, the main technical tool in the proof of Theorem II. 2[ namely, Proposition 14.91 was inspired by the 
following 

Theorem 1.4 (see [101 Theorem 1]). Let B he a complex curve and F := C{B) its function field. There exist 
non-isotrivial K3 surfaces over F of any genus between 2 and 10, having geometric Picard number 1 and Zariski 
dense set of F -points. 

Yet our arguments are different from that in paper [1^ (for instance, the proof of Proposition 14.91 is a direct 
parameter count), the idea of constructing the example we need over a function field first was of great value for us. 
More specifically, applying Proposition l4.9l and the functional version of the Mordell Conjecture (see Theorem l3.18p 
together with the previously stated density property for S*, we construct a K3 surface (the surface in Section |4]) 
of the kind similar to that in Theorem 11.41 which additionally has genus 12 and for which F can be taken to be 
the function field i^(P^). Playing with this surface and its specialization (at infinity), we arrive at the surface from 
Theorem ll.2l (see the arguments at the end of Section 0]). 

Remark 1.5. In the proof of Theorem 11.21 we came up with an interesting fact about the group of automorphisms 
Aut(C22) of a general codimension 2 linear section C22 of a general Fano threefold of the first species^ having 
anticanonical degree 22 (see [18] , [21] , [23] and Section [5]) . Namely, such sections are smooth canonical curves of 
genus 12, and they form an analytic subset Z in the moduli space M12 of all canonical curves of genus 12. One 
can show that dim2^ = 31, which is less than diniAli2 = 33, and hence it is not a priori clear that the group 
Aut(C22) is trivially We prove its triviality in Section [5] (see Proposition 15.21 and Corollary I5.16p . We believe, 
however, that there should be a simpler proof of this fact, definitely known to specialists, but we could not find a 
reference. Moreover, one can modify the proof of Theorem 1 1.2 1 in a way to avoid the usage of this result on triviality 
(cf. Remark l4.17p . Finally, let us note that one could try construct examples, similar to that in Theorem 11.21 but 
of other genera, by combining the result of Theorem 11.41 together with the arguments in the proof of Theorem 11.21 
applied to the examples from Remark 11.31 



2. Notation and conventions 

All algebraic varieties, if the other is not specified, are assumed to be defined over an algebraically closed field 
of characteristic 0. Throughout the paper we use standard facts, notions and notation from [6], [8], [2], [15], [llj . 
However, let us introduce some more: 

• For a field k, we denote by k the algebraic closure of k. We also put k* := k\ {0}. For an algebraic variety 
V defined over k, we denote by V{k) the set of k-points on V . 

• We denote by Sing(y) the singular locus of an algebraic variety V. 

• We denote hy Zi ■ . . . ■ Zk the intersection of algebraic cycles Zi, . . . , Zjt, k £ N, in the Chow ring of a 
normal algebraic variety V. 

• Di ^ D2 stands for the the linear equivalence of two Weil divisors Di, D2 on a normal algebraic variety V. 
We denote by Cl(y) (respectively, Pic(y)) the group of Weil (respectively, Cartier) divisors on V modulo 
linear equivalence. 

• For a Weil divisor D on a normal algebraic variety V, we denote by OviD) the corresponding divisorial 
sheaf on V (sometimes we denote both by Ov{F>) (or D)). 



2)At the same time, in the case of Fano threefolds of lower anticanonical degrees, and hence their codimension 2 linear sections of 
lower genera, namely, between 3 and 9, this result on triviality is known to be true (see |19| . [20]). 
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• For a (coherent) sheaf F on a projective normal variety V, we denote by W{V,F) the i-th cohomology 
group of F. We put h'{V,F) := dimH'{V,F) and xiV,F) Efi'i^(-1)'^'(^' We also denote by 
Ci{F) the i-th Chern class of F. 

• For a vector bundle on a smooth projective variety V, we put deti? := ci{E). For any point x £ V, 
we denote by the fiber of E over x. We frequently identify E with its sheaf of sections. We denote by 
rank(i5) the rank of E. 

• We call a vector bundle E on a, smooth projective variety V stable if deti? is ample and xi^i^ 
(deti?)")/rank(F) < x(V",i?® (det i?)")/rank(£') for n and every coherent subsheaf F in £' with 
< rank(F) < rank(£'). 

• For a Cartier divisor M on a projective normal variety V, we denote by |M| the corresponding complete 
linear system on V. For an algebraic cycle Z on V, we denote by \M — Z\ the linear subsystem in \M\ 
consisting of all the divisors passing through Z. For a linear system M on y, we denote by Bs(A^) the base 
locus of A^. If on y is movable (i.e., dimBs(A4) < dimF — 1), we denote by the corresponding 
rational map. 

• We denote by G{m, n) (or G{m, k")) the Grassmanian of m-dimensional linear subspaces in k", or, equiv- 
alently, (to — l)-dimensional linear subspaces in P""^. We always identify G{m,n) with its image under 
the Pliicker embedding G{m,n) ^ P(/\™k"). 

• All K3 surfaces are assumed to be smooth and projective. We write {&,L) for a K3 surface & with an 
ample divisor L. We call L polarization on &, and the pair (6, L) - polarized K3 surface &. We also call 
the integer (L^)/2 + 1 genus of (6,L). All polarizations are assumed to primitive, i.e., the class of L in 
the lattice H'^{&, Z) is a primitive vector. We denote by ICg the moduli space of all polarized K3 surfaces 
of genus g. 

• For algebraic varieties V' and V", we denote by .4y'[^"] the sheaf of germs of local holomorphic maps 
from V' to the group Ant{V") of automorphisms of V" . 

• For a linear space V, we denote by the dual linear space. We denote by ¥{V) projective space associated 
with V. 

• We denote by < > the cyclic group generated by an element d. For a set V and a group < d > acting on 
V, we denote by the subset oi < d >-fixed points in V. We also denote by the cardinality of V. 

• By general, when referring to an algebraic variety V, we usually mean, if the other is not specified, a point 
in a Zariski open subset in a Hilbert scheme corresponding to V. 

3. Preliminaries 

3.1. Let us formulate several auxiliary notions and results which we will use in the proof of Theorem 11.21 We 
start with the geometry first: 

Definition 3.2 (see [H] Definition 3.8]). A polarized K3 surface {&,L) of genus g is called BN general if 
h°{e,Li)h'^{6,L2) < 5 + 1 for all non-trivial Li,L2 G Pic(6) such that L = Li + L2. 

Example 3.3. A general K3 surface in the moduli space ICg is BN general. All BN general K3 surfaces of genus 
g form a (non-empty) Zariski open subset in ICg. 

Definition 3.4. Let y be a smooth projective variety and E a vector bundle on V. Then E is said to be generated 
by global sections if the natural homomorphism ev^ ■ Fl'^iV, E) Oy — > E of Oy-modules is surjective. 

Remark 3.5 (see [T51 Section 2]). In the notation of Definition 13.41 if E is generated by global sections, then one 
gets a natural morphism ■ V — > G{r,N), where r := rank(i?), N := h'^{V,E), which sends x G V to the 
subspace E^ of H°{V,EY. One also gets the equality E — ^*e{S) for the universal vector bundle £ on G{r,N) 
so that H°{y,E) = H°{G{r,N),£). Furthermore, if the natural homomorphism /y'' H°{V,E) — > H°{V,/\''E), 
induced by the r-th exterior power of cve, is surjective, then coincides with the embedding <I>| detBi ■ V := 
F{H^{V, L)^) given by the linear system | det E\. More precisely, the diagram 

^E-V — >G{r,N)nV cG{r,N) 

n n 
p ^ p(A''i?°(y,F)^) 
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commutes. 



Theorem-definition 3.6 (see [H], [T^, (55], [H])- Let {&,L) be a polarized K3 surface of genus g. Assume that 
{&,L) is BN general. Then for every pair of integers {r,s) with g = rs, there exists a stable vector bundle Ej. on 
& of rank r such that the following holds: 

(1) detEr = L; 

(2) W{e,Er) = for alli>0 and h"{e,Er) ^r + s; 

(3) Er is generated by global sections and the natural homomorphism /\^ H'^{&,Er) — > H'^{6,/\^ E^) = 
H^{&,L) is surjective (cf. Remark \3.5\) : 

(4) every stable vector bundle on &, which satisfies ([7]) and (0), is isomorphic to E^- 
Er is called rigid vector bundle. 

3.7. Consider the Fano threefold X with canonical Gorenstein singularities and anticanonical degree {—Kx)^ = 70 
(see [TT], [T3], [H])- Recall that the divisor —Kx is very ample on X and the linear system | — Kx\ gives an 
embedding of X into P^^. We also have 

Pic{X) ^Z-Kx and C\{X) ^Z- Kx (BZ- E, 

where _B is a quadratic cone in X C P^"^ (see [H CoroUary 3.11]). The following resuh was proved in |14j : 

Proposition 3.8 (see [111 Corollary 1.5]). General element S E \ —Kx\ is a K3 surface such that the lattice Pic(5) 
is generated by a very ample divisor H ^ —Kx\g and the {—2)-curve Co := -^l^- Furthermore, {H^) = 70 and 
H-Co = 2. 

Definition 3.9. The surface S from Proposition 13.81 is called K3 surface of type R. 

For a K3 surface S of type R, the divisor H provides a primitive polarization on S. It turns out that S admits 
several more primitive polarizations: 

Lemma 3.10. For a K3 surface S of type R, the divisor H — 4Co is ample on S . 
Proof. Let Z be an irreducible curve on S such that {H ~ 4Co) ■ Z ^ 0. Then we have Z ^ Co. Write 

Z = aH + bCo 

in Pic(S') for some a,b G Z. Note that a > because the linear system \m{H + Co)| is basepoint-free for m ^ (it 
provides the contraction of the (— 2)-curve Co) and {H + Co) • Z = 72a. On the other hand, we have 

0^{H- 4Co) • Z = 62a + 106, 

which implies that b < —6a. But then we get 

(Z^) = 70a^ + iab - 2b^ -26a^ < -2, 

which is impossible. Thus, {H — 4Co) • Z > for every curve Z C S, and hence H — ACq is ample by the 
Nakai-Moishezon criterion, since {H — 4Co)^ — 22. □ 

Remark 3.11. Using exactly the same arguments as in the proof of Lemma 13.101 one can prove that H — kCo 
are ample divisors on S for k — 1,2,3, which provide polarizations on S of genera 33,28,21, respectively. This 
can be also seen via geometric arguments. Indeed, let tt : P^^ P^^ be the linear projection from the plane 11 
passing through the conic Co. The blow up /i : Yi — > X of Co resolves the indeterminacy of tt on X and gives 
a morphism gi : Yi — > Xi :— tt{X). It can be easily seen that Yi is a weak Fano threefold and Xi C P^'' is 
an anticanonically embedded Fano threefold of genus 33 (cf. the proof of Proposition 6.15 in [H]). Moreover, we 
get Pic(Yi) = Z ■ ® Z ■ Ej^, where Ej^ ~ F4 is the /i -exceptional divisor, and the morphism gi contracts the 
surface f^^{E) to the point. In particular, the locus Sing(Xi) consists of a unique point, Pic(Xi) = Z ■ Kx^ and 
Cl(Xi) = Z • Kxi © Z ■ E^^\ where E^^'^ := gi^{EfJ. One can prove that E'-^'^ is a cone over a rational normal 
curve of degree 4 such that E^^^^ = Xi nP^. In particular, there exists a rational normal curve Ci C Xi \ Sing(Xi) 
of degree 4 with Ci = Xi H Hi for some linear space Hi ~ P'*. Proceeding with Xi, Hi, etc. in the same way 
as with X, n, etc. above, we obtain three other anticanonically embedded Fano threefolds X2 C P^^, X^ C P^^, 
Xi C P^"^ of genera 28, 21, 12, respectively, such that Smg{Xk) consists of a unique point, Pic{Xk) — Z ■ Kxk and 
Cl(Xfe) = Z • Kx^ © Z ■ E^^'^ for aU fc, where E'-^^ is a cone over a rational normal curve of degree 2 + 2k. By 
construction, general surface 5^ G | — Kxk \ is isomorphic to S*, 1 ^ fc ^ 4. Furthermore, identifying S with 5*^, we 
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obtain that —Kx^ ^ H — kC is an ample divisor on S*, which provides a polarization on S of genus 36 — 2fc — fc^, 
1 ^ fc 4. 

Lemma 3.12. For a K3 surface S of type R, the polarized KB surface (S, H — 4Co) ( of genus 12) is BN general. 
Proof. Let 

H-4Co^Li+ L2 

for some Li,L2 e Pic(S'). We may assume that both h^{S, Li),h^{S, L2) > 0. Write 

Li = OiH + biCo 

in Pic(S') for some a.;, 6.; G Z. Note that ^ (cf. the proof of Lemma r3.10|) . Thus, we get that, say ai = 1 and 
a2 = 0. Then, in particular, we have 62 7^ 0. 

Now, if 62 < 0, then ft."(S', L2) = 0, and we are done. Further, if ^2 > 0, then 61 ^ —5, and hence we get 

h^{S, Li)h°{S, L2) = h°{S, H + 61C0) < /i"(S', H - 4Co) = 13, 

since h°{S, L2) = h^\S, 62C0) - 1. □ 

Remark 3.13. Using exactly the same arguments as in the proof of Lemma 13.121 one can prove that the polarized 
K3 surfaces {S, H — kC) (cf. Rcmark l3.1ip are also BN general for all ^ fc ^ 3. 

Lemmas 13.101 13.121 and Theorem-definition 13.61 imply that there exists a rigid vector bundle on S of rank 
3 such that deti?3 = H — ACq and /i°(iS', iSa) = 7. From Theorem-definition 13.61 and Remark 13.51 we obtain the 
morphism ^e, ■ S — > G(3, 7) n P^^ ^ P(/\^C'^), which coincides with the embedding <^\h-4Co\ ■ ^ ^ P^^- We 
also have — $^^(£^7) for the universal vector bundle £j on G(3, 7). Let us recall the explicit description of the 
image $£3(5'): 

Theorem 3.14 (see [21] Theorem 5.5]). The surface S = ^E^iS) coincides with the locus 

G(3,7) n (A = 0) n (So = 0) 

for some global sections 

A e /\ (5, S3) = (G(3, 7),/\£j)c,/\ e 

and 

So (ai,a2,a3) G {f\H\S,E,)f' ^ H\G{3,7), (A^r)®') ^ {f\C'f\ 

where 

2 22 
ai,a2,ai e /\H\S,E3) = H%G{3,7), /\£r) ^ /\C'. 

Remark 3.15 (see [IB], [21], [13] )■ One can repeat the previous arguments literarilly in the case of any BN general 
polarized K3 surface (£'22,^22) of genus 12. Namely, 5*22 can be embedded into G(3, 7) n P^^, where it coincides 
with a locus G(3, 7) n (A = 0) n (n = r2 = T3 = 0) for some A e , n,T2,T3 e C"^ , so that 0522(^22) ^ 

Cg(3,7)(1)|522 Theorem l3.14[) . Conversely, any such locus (for general A and r^) defines a BN general polarized 
K3 surface of genus 12 (cf. Example l3.3|) . Moreover, one can prove that (-522, -^^22) is uniquely determined up to an 
isomorphism by the GL7(C)-orbits of A and r^. From this it is easy to construct a birational map between JC12 and 
a P^'^-bundle over the orbit space Ais :— G(3, /\^ C^)/ PGLj{C). Furthermore, the triple (ri, T2, T3) corresponds to 
a general point in A^s, while So corresponds to a general point in a codimension 1 (irreducible) locus in 7W3 (see 
[H Corollary 1.5]). 

3.16. Let us now turn to the arithmetic. Recall that the above Fano threefold X is constructed as follows: one 
takes the weighted projective space P P(l, 1,4,6), embeds P into P^^ anticanonically, picks up a general point 
O G Sing(P), and projects P from O. Then the image of P under this projection is precisely the threefold X. 
Definitely, this construction of X can be run over a number field K, say K = Q{^/—1). Moreover, the above 
construction of the surface S and embedding of S into P^^ can also be carried over an appropriate K, which makes 
it possible to assume that S — ^EsiS) from Theorem 13.141 is defined over K (the same holds, of course, for 5*22 
from Remark 1 3. 151 with the same K). In this setting, we get the following 

Proposition 3.17. The set S{K), after possibly replacing K with its finite extension, is Zariski dense in S . 
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Proof. Since {H — 5Co)^ — 0, the surface S has the structure of an elhptic fibration (see [25l §3, Corollary 3]). Now 
the result follows from |3l Theorem 1.1]. □ 

Finally, the following result will play a crucial role in the proof of Theorem 11.21 

Theorem 3.18 (see jl6]). Let € be a smooth curve of genus ^ 2 over the function field K(P^) such that the set 
£(_K"(P^)) is infinite. Then there exists a curve £o over K such that £ and £o x are birationally isomorphic over 
if(pi). 



4. Proof of Theorem 11.21 

4.1. We use the notation and conventions of Section [31 Consider G(3,7) x P^ as the Grassmanian 0(3,7) over 
K{t). Consider also the locus C G(3, 7) x Pj given by the equation Sq +^£22 — 0, where S22 '■— {ti,T2,t^). 
Take A G ¥^^{K) = H°{G{3, 7), £7){K) such that 

14 n (A = 0) n (t = 0) = and i4 n (A = 0) n (t = 00) = 522 

(see Theorem 13.141 and Remark l3.15p . It follows from Remark 1 3 . 1 5 1 1 hat we can assume 
(4.2) {ti,T2,T3) = (r, 0-2, 0-3) 

for some (general) r e = -ff°(G(3, 7),£7){K). 

4.3. Put := Vat n (A = 0) and Z ;== P^. Consider the projection p : G(3, 7) X Z — > Z on the second factor 
and restrict it to C G(3, 7) x Z. We obtain a family / :— : — > Z of surfaces such that f~^{0) = S and 

f^^{oo) = 822- Finally, for a general A G Y^'^{K) we put Gj := S*^ n (A = 0), and refer to and G{ as a surface 
and a curve over K{t), respectively. 

4.4. Put C :~ S ■ C^. Note that the curve G is a general hyperplane section of the surface S (over K). Pick up 
a point O e G. Let us find a point G C^(K(t)) such that O is the specialization of at t — 0, i.e., O — S ■ 
on 5*^. 

4.5. Let J7 be the space of all (3 x 7)-matrices of rank 3 over K. The group G GLj,{K) acts on U in the 
natural way so that G(3, 7) = U/G is the geometric quotient (cf. [17, 8.1]). In particular, any point in G(3,7) 
is the G-orbit of some matrix M G U, having the entries, say ruij, 1 ^ i ^ 3, 1 ^ j ^ 7. Thus, any section of 
the morphism p (or, equivalently, any point in G{3,7){K{t))) is represented by such M for which rui j = pij{t), 
1 ^ i ^ 3, 1 ^ J ^ 7, where Pij{t) are polynomials in t. On this way, note also that the equations Eo + ^^22 — 0, 
A = 0, A = on G(3,7) x Z lift to some G-invariant polynomial relations between the entries 771^^, 1 ^ i ^ 3, 
1 ^ J 7, of all matrices M G U. 

4.6. Identify the point O G G C G(3, 7) with a matrix in U. We can assume that 

/I ... 0\ 
0= 1 ... . 
\0 1 ... 0/ 

Let us also identify U with the quotient U/K* by the normal subgroup K* C G. Consider a point AI G G(3, 7){K(t)) 
such that the corresponding matrix has the entries 

(4.7) p,,,{t):=Y,^,+X,^,t 

for some Xij,Yi,j GK,l^i^3, l^j^7, where we additionally put Yij := for all i + j > 4. Regard 
as projective coordinates on P^^ and identify M with the corresponding point in P^^. In this setting, we 
have G = PGLj,{K), and the G-action on U descends to P^^. 
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4.8. Let us introduce one more piece of notation. Let X (respectively, Y) be the (3 x 7)-matrix with the entries 
Xi,j (respectively, Yij, l^j^7, and Yi.j — for all i + j > 4). Let also Xj (respectively, Yj), 

1 =^ i ^ 7, be the j-column of X (respectively, Y). Then we can write 

riX + Y) = r{Y) +^2(11 ^^i) ^ ^« + 

for some (3^^^ G K. Let us denote by Qi,a{X,X) (respectively, Qi.a{Y,Y)) the a-th component of the vector t{X) 

(respectively, t{Y)), and by Qi,q,(X, F) the a-th component of the vector P^^'^ ^j) A F^, 1 ^ a < 3. 

Similarly, we define Qi+i,a{X,X), (5i+i,c((F, F), Qi+i^a{X^Y) for (7^, 1 < « ^ 3. Finally, we can write 

3 7 3 7 

HX + Y) = A{Y) + E ( E ^^1^^^) A A Ffe + ^ ( ^ /jJi^iX, A X,) AY,+ A{X) 

i,k—l j—1 i—l 

for some 

l^fl.i^^if^ e K. Similarly, we define pfl^^pff for A. 

Proposition 4.9. The set C^{K{t)) contains a point of the form (|4.7p such that O is the specialization of 
att^O. 

Proof. In the above notation, every (2 x 2)-minor of M is a quadratic polynomial in t, with homogeneous polynomials 
in Xij,Yij as coefficients. On this way, substitute pij{t), 1 ^ ? ^ 3, 1 ^ j ^ 7, from (j4.7p into the equation 
Sq + tT,22 = and equate all the coefficients of the resulting 9 cubic polynomials in t to zero. Then, since (|4.2p 
holds and O E C (cf. (|4.7p ). we get a closed G- invariant scheme in P^^, given by the equations 

r Qi.„(X X) = Qi.a(X, Y) + Q2AX, X) = Qi,„(y, Y) + Q2AX, Y) = 0, 

(4.10) <^ 

[ QiAX,X)^QiAX,Y)^0, 

1 ^ a ^ 3, ; e {3,4}. 

Further, every (3 x 3)-minor of M is a cubic polynomial in t, with homogeneous polynomials in Xij,Yij as 
coefficients. Then, after substituting Pij{t) from (|4.7p into the equations A = A = and equating all the coefficients 
of the resulting 2 cubic polynomials in t to zero, we arrive at a closed G-invariant scheme in P^^, given by the 
equations (again we use that O € C) 

37 37 

(4.11) iT^f^ff^^) ^^^^^^=J2iT. (3fl,X,AX,)AY,^R,{X,X)^Q, 

i,k—l j — 1 i—l j,k—l 

7 S {1, 2}, where R^{X, X) is a linear combination of (3 x 3)-minors of the matrix X. 
Consider a rank 1 matrix 

/Wh WI2 ... Wl7\ 

(4.12) Wih Wih ■ ■ ■ Wih 

\W2I1 W2I2 ... W2I7J 

for some W,Wj E K and general linear forms k := li{Zi, . . . , Zn) E i/°(P^"\ 0(1)) in Zi, . . . , Zjq E K with 
TV > 0. Put X of the form ((4T2)l and F := O in (|4T0)l . (|4TT|) . Let V be the hnear space spanned by xi^i := Wk, 
X2,i '■= WiU, X3^i :— W2li, 1 ^ i ^ 7. Then Qi^a, 2^Z^4, 1^q;^3, turns into an element Hi a in the linear 
subspace Vq of y, given by equations 

xi,i = ... = X3^3 = = 0, 

4 ^ j < 7, for some fixed i{a) {{i{l),i{2),i{3)} = {1,2,3}). In the same way, we get the elements Hi_a € V, 
1 < a ^ 3, and H\,H\ E X^a^"' corresponding to Qi^a, A and A, respectively. Moreover, by generality of 
T,o'2,cF3,\ and A, we can assume that 2 ^ Z ^ 4, Hi a, Ha and Hx are general points in Va, y and J2a 

respectively. On this way, after compactifying via W, from ()4.10p . (14. lip we get a closed scheme F in P^+2 with 
coordinates Zi, Wj, W, given by equations 

- Hi{Wh, . . . ,W2l7) = H2{Wl4, . . . ,W2l7) = ...=Hn{Wh,...,W2l7)=0, 

Fi(Wh,...,W2l7) = 0, 
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1 < Z < 3, for some linearly independent forms Hj,Fi e i7"(p2", 0(1)). 
Lemma 4.13. W ^ identically on T. 

Proof. Assume the contrary. Then T coincides with the (reduced) schemj^ 

fl fl {W ^H,{Wk,...,W2l7)^Fi{Wh,...,W2h)^0). 

In particular, the linear subsystem C C 10(2) — r|, spanned by the quadrics W'^ — Hi{Wl4, . . . ,W2l7), 
Hj{Wh,...,W2h), Fi{Wli,...,W2h), 2 < j s; 11, 1 Z ^ 3, is movable with Bs(£) = V. From this 
we deduce that the image 3>|C'(2)-ri (P^^^) is at most 13-dimensional. On the other hand, the rational map 
^ . piv+2 gjygj^ ^j^g quadrics Hi{Wh, . . . , W2h) + WF for all F £ i?"(P^+2, 0(1)), factors through 

*i'io(2)-ri- Then, restricting to the hypersurface {Hi{Wl4, . . . ,W2l7) — 0), we get a birational map, hence 
dim$|o(2)_ri(P^''"^) > iV+ 1, a contradiction. □ 

It follows from Lemma [4. 131 that there exists a matrix Xq of the form (|4.12p such that the corresponding point 
in belongs to F n {W — 1). Then the pair {X,Y) := {Xq.O) provides a common solution for (|4.10p and 

(|i?TT1) . The latter determines a point 0{ S G{3,7){K{t)) of the form (|i?71) because for {X,Y) = {Xq,0) one gets 
a rank 3 matrix in (|4.7I) whenever |t| <C 1. Thus, we have Oj € C{(^(t)) by construction, with O e C being the 
specialization of at t = 0. 

Proposition 14.91 is completely proved. □ 



Corollary 4.14. The set C^{K{t)) is infinite. 

Proof. This follows immediately from Proposition 14.91 because O E C was chosen arbitrary. □ 



Remark 4.15. It follows from the proof of Proposition 221 that all A in P^^ with A(0{) = form a codimension ^ 2 
linear subspace £o{- Indeed, the first linear constraint is A(0) = and the second one is obtained from (14. lip , 
with J — 2, Y ~ O and X = Xq. Furthermore, for any A' € P^^ with A'(0) = and every A G S^o^, running 
the arguments in the proof of Proposition 14. 9[ we get a point S G{3,7){K{t)) such that A'(O^) = A(O^) = 0. 
Finally, all the preceding arguments apply literarily if one replaces O&C = Sr\{X = 0) with O € S22 fl (A = 0). 

In the above notation, consider the (smooth) curve C{. Since the genus of equals 12, Corollarv 14.141 and 
Theorem 13.181 imply that C^, when considered as a smooth surface over K, together with the morphism /|^ : 

— > Z, is birationally isomorphic over Z to T x Z for some smooth curve F over K. In particular, a general 
fiber of /|p is isomorphic to F. Further, after possibly a coordinate change on Z, we can take U G Z, a, Zariski 

open subset such that 0,oo G C/, f\^^ is smooth over U, and (/|p^)~^(i') — F for every t' £ U \ {0}. Put also 

Lemma 4.16. The surfaces Cjj^^ and C x U are isomorphic over U , i.e., the family /|^ : Cu^^ — >■ U is trivial. 

Proof. For every t' G [/ \ {0}, we have (/|^ )^^{t') ~ F by definition of U. Take a small disk A (£ U around and 
consider the period map ( : A — > i^i2 associated with into the Ziegel upper half space Sji2. The map C is a 

holomorphic morphism, constant on A \ {0} and hence on A, i.e., we have 

^^ = (/lc,)"(o)-(/lc,)"(0-r. 

Thus, all fibers of the morphism /[^ are isomorphic to the curve C, which implies that the family /[^ : 
C(7,4 — > U is locally trivial. But #Aut(C) = 1 by Proposition [O below. Thus, we get H^{U,Au[C]) = 0, which 
implies that the family /[^ : Cjj,^ — > U is trivial. □ 



Remark 4.17. Alternatively, in the proof of Lemma r4.16[ instead of vanishing H^{U,Au[C]) ~ one may use the 



fact that through every point on C there is a section of /|p .In this case, it is enough to assume only that C is 



smooth. 



•^^Note that VF^ is algebraically independent of Wh,. . . , W2h, hence of , . . . , F3, in K{¥'^+^). 
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Lemma 4.18. Through every point in Cu.s, C there is at most one section of f\ 



Proof. Indeed, otherwise there exists a rational dominant map C, induced by the projection Cjj,^ — 

C X U — > C on the first factor (see Lemma [4. 161) . which is impossible. □ 

Lemma 4.19. Let be a point in C^{K(t)) such that its specialization O :— S ■ at t ~ Q is a point in S{K). 
Then e C^{K{t)). 

Proof. The point O is Gal(^/ii')-fixed, which implies that the section is Gal(^/i4r)-invariant, since otherwise 
we get a contradiction with Lemma [4. 181 Hence G C^{K(t)). □ 

Remark 4.20. Consider a curve C over K{t), given by the equation A = for some A G V^^{K). Then, in 
the previous notation, the family /[(j^^^ ■ Cu,(, — > U, where Cu,(, '■= Q n f^^{U), is smooth for every A in some 
Zariski open subset £ C ¥^'^{K) (with £ 9 A). Moreover, the same arguments as in the proof of Lemma [4.161 implv 
that the family /|^ : C{j^^ — > U is trivial for every such A, and hence the statements of Lemmas 14.181 and 14.191 

hold also for Cu.^ and C^, respectively. 

In the above notation, let it be the set of all points in S^{K{t)) as in Proposition 14.91 when O runs through 
S{K) and A runs through £. Then Proposition \ST7\ and Lemma HTTOl (cf. Remark imply that It C S^{K{t)) 
is a Zariski dense set in S^. Thus, the surface provides an example of a (non-isotrivial) K3 surface over the 
function field K{t) such that is of genus 12, geometric Picard number of is 1, and the set of K{t)-pomts is 
Zariski dense in (cf. Theorem ll.41) . We can, however, extract more from the construction of S^: 

4.21. Firstly, for any point G it we have 5*22 • G S'22(^'^), since both and ^22 are defined over K{t), hence 
both are Gal(^/i^)-invariant. We can define the map h : il — > S22{K) via i-> S22'0^. Put il' :— /i(il). Consider 
it and il' as topological subspaces in S^(K{t)) and 5*22 (i^), respectively, with the induced Zariski topologies. 

Lemma 4.22. dimil' > 0. 

Proof. Suppose that dimil' = 0. We can assume that il' is a point. But then £ must be of codimension 1 in 
Pi2(x), a contradiction. □ 

Further, shrinking il if necessary, we get the following 

Lemma 4.23. The map h is 1-to-l. 

Proof. Take a general point O G il'. In the notation of Remark |4.15[ consider the linear space £0^ for some G il 

with h{0^) = S22 0^ = (we have switched the roles between S and S'22)- Lemma r4.22l implies that we can take 

A G £o« n £. Furthermore, for a general A' G P^'^{K) with A'(0) = 0, we have A' G £ and A'(O^) = A(O^) = 
for some G il with h{0'^) — O (see Remark l4.15l and Lemma [4.19^ . Then Lemma [4.181 implies that O'^ — O^. 

Hence there is a unique point G il with h{0^) = O. □ 

It follows from Lemma 14.231 that h^^ : il' — > il is a continuous map because for any Zariski closed subset 
R C the set h{R) :— S22 H i? C S'22 is just the specialization of i? at t = 00. Then we get dimil' ^ dimil by 
the definition of topological dimension (note that is a continuous bijection). On the other hand, dimit ^ 2 
because il is dense in 5j. Thus, we get 2 ^ dimil' ^ dim S'22 = 2, which implies that il', hence also S22{K), is 
dense in S22. This proves Theorem II. 21 



5. Appendix on the automorphisms of curves 

5.1. We use the notation and conventions of Section [31 Let C be a general hyperplane section of the surface 
S = '^E^iS) C P^^ (see Theorem I3.14p . C is a smooth canonical curvc^J of genus 12, having Kc ^ H'\c^ where 
H' ^ H — 4Co is a genus 12 polarization on S. The main purpose of the present section is the proof of the following 

Proposition 5.2. The group Aut(C) is trivial. 

Before proving Proposition [^21 let us introduce several auxiliary objects and make some conventions: 



^^We can always choose C to be defined over K. 
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5.3. Consider the niorphism / := ^\h-5Co\ ■ ^ — ^ whose general fiber is a smooth elliptic curve (see the 
proof of Proposition 13. 1 7p . Note that all fibers of / are reduced. 

Lemma 5.4. The elliptic fibration f : S — > =: B is non-isotrivial. 

Proof. Suppose that / is isotrivial. Let Eq be a smooth fiber of /, with £'o ~ for the general fiber of /. 

Take a Galois extension F D K{B) with the Galois group G such that S' := S Xb B' c± Eq x B' (cf. the 
proof of Lemma r4.16|) for a smooth curve B' having K{B') = F and B' /G = B. The group G acts on the surface 
S' in the natural way so that S = S' /G. In particular, we get that either 5 ~ 5' or / has a multiple fiber, a 
contradiction. □ 

Let Pi,. . . ,Pr be all ramification points of the morphism (/) /|^ : C — > B (cf. Lemma 15.41) . Then, taking 
Pi , . . . , Pr- general, we may assume that 

• the fibers Fi := 0^^((/)(Pi)) are smooth for all 1 ^ i ^ r. 

Lemma 5.5. The morphism cp has only simple ramifications and the monodromy group of (j) acts on the linear 
space H^{C,K) by transpositions. 



Proof. It follows from Lemma 15.41 that locally-analytically near each Pj the surface S is given by the equation 
y'^ = X + z in local coordinates x, y, z so that / is the restriction of projection on the z-coordinate. Then C is 
given by the equation x = on S for some m G N. In particular, has only simple ramifications, which impliej^ 
that near Pj the curve C is glued of two charts {(z, ft.(z)) : z G A} and{(z, —hizf) : z G A} over A, where A C i? 
is a small disk and h : A — > Fj is a holomorphic map. In particular, the monodromy of (p acts on H^{C, K) by 
transpositions. □ 

5.6. Fix a point Qj := (p{Pj) G and take a small disk Uj C P^ around Qj. Then the preimage (f>~^{Uj) is a 
disjoint union of open connected subsets Vj^i — Uj <Z C: 

r'(c/,) = U^^-.- 
1=1 

1 ^ i ^ Nj, for some Nj G N. Furthermore, since (j) has only simple ramifications, </'|y. . coincides with the 
morphism x t-^ y :— x"^ m appropriate coordinates x and y on Vj,i and Uj, respectively, where a G {1,2}. Put 

Vj,i := vjl'^ if 4>\y has a — 1, and Vj^i := vj'f' if (j)\y has a = 2. In particular, the monodromy action on vj]^ 

^ {'2) (2) 

is trivial, while it coincides with a Z/2Z-action on Vj/. Let also Ej,i, 1 ^ i ^ A'j, be a circle on ,■ such that 

(t){Ej^i) — d{Uj) ~ S^. Varying 1 ^ j ^ r in these arguments, we arrive at the set of generators 

r 

(5.7) B:^\J{E,,i,...,E,,r,,} 
of H^{C,K) (over K). 

Proof of Provosition \5.S\ Suppose that the group Aut(C) is non-trivial. Then there exists an element r G Aut(C) 
of a prime order £. Put G .=< r >. Take the product W := G x . . . x C oi £ copies of C and consider the algebraic 
subset 

C := {{xi, ...,Xi)eW\xieC&ndxi:= t'-\xi) for all 2 ^ i ^ £} C W. 
Note that C ~ C. Furthermore, the group G acts non-trivially on C via the cyclic permutation of the coordinates 
of any point (a;i,T(a;i) . . . ,t^~^ (xi)) G C, and the morphism 

^ :=(/,...,/) 1^ : C ^ Pi ~ 0(C) C P X . . . X P 

to the product of £ copies of P = P^ is equivariant with respect to this G-action. Finally, the morphism cj) possesses 
all the preceding properties of the morphism 0, and hence we may additionally assume that 

• the morphism cj) : C — > P^ is G-equivariant. In this setting, we may also assume that the set B in (|5.7p is 
G-invariant. 



5) Since S is locally glued of two charts {z,y) and (z, —y). 
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Further, since t is of order ^, every point in the locus is non-degenerate, and hence we have 



2 

=V( - 1) ''Trace [r* ■.H^{C,k) — >H^{C,K)] = 2 - Trace [r* ■.H^{C,k) — > H^{C,K)] := 2 - T 



k=0 



by the Lefschetz formula. Let M be a matrix associated with the r*-action on H^{C,K). 

Lemma 5.8. The matrix M has entries only from the set {0, 1} and consists of blocks, which correspond to 
the orbits of the G-action on the set B in (j5.7|) . In particular, we have T — Trace(-M) ^ 0, or, equivalently, 
= 2 - T 2. 

Proof. Recall that the monodromy of </) acts on H^{C,K) by transpositions (see Lemma [53]). Then, since </> is 
G-equivariant and B is G-invariant, we get that r* acts on B by permutations, hence the result. □ 

Lemma 5.9. The equality deg((/)) = 12 holds. In particular, every fiber F of the morphism (p consists of 12 — 2N 
distinct points, where N is the number of ramification points in F. 

Proof. This follows from the fact that deg(0) — [H ~ 4Go) • {H — 5Go) = 12 and (j) has only simple ramifications 
(see Lemma [53]) . □ 

Lemma 5.10. Let G^ = 0. Then i e {2,3}. 

Proof. Indeed, since G"^ = 0, none of the sets Vj^i from the construction of the set B can be G-invariant, 1 ^ j ^ r, 

1 ^ i ^ Nj. Then, in particular, G acts freely on B, and hence £ = #G divides 24 = dimII^{C, K), i.e., 
fe{2,3}. □ 

Lemma 5.11. C ^ 0. 

Proof. Suppose that = 0, i.e., G acts freely on G. Consider the quotient C := G/G. This is a smooth curve of 
genus g' such that the quotient morphism G — > G' is etale of degree £ — #G. Then the Hurwitz formula implies 
that 

22 - 2^(5' -1), 

which is impossible, since £ € {2, 3} by Lemma [5. 101 □ 
Lemma 5.12. Let G^ n (l)-^{(j>{Pi)) = /or 1 i ^ r. Then £=2. 

Proof. Note that the condition G^ n <j>^^{(j>{Pi)) = for all 1 ^ i ^ r implies that G acts freely on the set B (cf. 
the proof of Lcmma rS.lOp . Then we obtain that £ e {2, 3} exactly as in the proof of Lemma [5. 101 

Further, pick up a point P G (see Lemma [5. lip such that (f) is not ramified at all points in Fp :— (p^^ {<j){P)) , 
which is possible by our assumption. Then, since the fiber Fp is G-invariant, #Fp = 12 (see Lemma f5.9p and 
£ € {2,3}, there exists another point Q G Fp n G"^ \ {P}. In particular, we have {P,Q} C G"^, and hence 
2-T = #G'' ^ 2. Moreover, the latter implies that #G^ = 2 by Lemma [531 Thus, we get C = {P, Q}, and 
hence £ \ 10, i.e., £^2. □ 

Lemma 5.13. Let Pj e G^ for some 1 j ^ r. Then £^2. 

Proof. It follows from our assumption that there exists a G-fixed element Ej^i £ II^{C,R) (cf. the proof of 
Lemma IS.lOp . Then the definition of the matrix M from Lemma [5.81 implies that T ^ 1. Moreover, since 

2 - T = #G^ 7^ by Lemma [MH we obtain that T = 1, i.e., C = {Pj}. Then, since deg((/)) = 12 (see 
Lemma [5.9|) . the fiber Fj :— {(l){Pj)) is G-invariant, and (p has only simple ramifications, we get that G acts 
freely on a set consisting of #Fj — 2 = 10 elements. In particular, £ — #G divides 10, i.e., £ G {2, 5}. 

Further, since ip is G-equivariant, there exists another G-invariant fiber F' of </>, with F' ^ Fj. Note that G 
acts freely on F' . In particular, either p is not ramified at all points of F' , or F' contains at least two ramification 
points of p. Then Lemma [5.91 implies that either ^F' = 12 or ^F' ^ 8. Thus, since #F' is even (see Lemma [53]) 
and £ G {2, 5}, we get that £^2. □ 

Lemma 5.14. Let D (p-^{p{Pj)) ^ for some li^j^r. Then £ = 2. 

11 



Proof. Pick up a point P E D (f)^^ {(t){Pj)) . Note that i — 2 provided B'^ 7^ by the similar arguments as in the 
proof of Lemma 15.131 Note also that t — 2 provided </) ramifies at P (see Lemma I5.13P . 

Suppose now that G acts freely on the sets B and {Pi, . . . , P^}. In this case, we have t G {2, 3} (cf. the proof 
of Lemma rS.lOp . Furthermore, by assumption </) must have at least two ramification points, say qi and 92, in the 
fiber Fj :— (f)^^{(t){Pj)). This implies that ^Fj ^ 8 (see Lemma [5. 9p . Moreover, if qi, 52 are the only ramification 
points in Fj, then, since £ E {2, 3} and G acts freely on the set {qi, 52}, we get £ — 2. Hence we may assume that 
#Pj ^ 6 (cf. Lemma EH). 

Further, by the similar arguments as in the proof of Lemma [5.121 we have G'^ — {P,Q}, with Q G Fj \ {P}. 
Thus, since ^ 6 is even (see Lemma [5.9^ . we obtain that G acts freely on either a 2- or 4-element subset in 
Fj, and hence £ ^ 2. □ 

Since £ — 2 (see Lemmas l5.12[[5T3ll5.14p and (p is G-equi variant, all the sets Vj^i must be G- invariant, 1 ^ i ^ Nj, 
1 ^ j ^ r. In particular, since deg{(j>) = 12 (see Lemma [5.9p and </> has only simple ramifications, we get that 
#G'^ ^ r = 46 by the Hurwitz formula. On the other hand, we have #G'^ ^ 2 by Lemma [5.81 a contradiction. 

Proposition 15.21 is completely proved. □ 

5.15. Recall that the locus G(3, 7) n (n — T2 — T3 — 0) (see Remark l3.15|) is a general (smooth) anticanonically 
embedded Fano threefold V22 C P^^ (see [H], ^T\, [33]). Let G22 V22 n P^^ be a general codimension 2 hnear 
section of V22. Then G22 is a smooth canonical curve of genus 12, having KC22 ^ ~f^V22\c ■ 

Corollary 5.16. The group Aut(G22) is trivial. 

Proof. Let A4i2 be the moduli space of all smooth canonical curves of genus 12. Theorem 13. 141 Remark 13.151 and 
the construction of the curves G and G22 imply that the points [G] and [G22] in A^i2, corresponding to G and G22, 
respectively, belong to an irreducible analytic subset Z C Aii2. On the other hand, all smooth canonical curves 
of genus 12 and non-trivial group of automorphisms are parameterized by an analytic subset 2ti2 C A^i2. Hence, 
since [G] ^ 2li2 (see Proposition [O]) and [G], [G22] G Z, we get that also [G22] ^ 2li2. □ 

Further, taking the curve G22 defined over K, we get the following 

Corollary 5.17. G22 has no non-trivial forms over K . 

Proof This follows from CoroUary [SH (cf. 26, Ch. HI]). □ 
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